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Structurally Nonlinear Fluttering Airfoil in Turbulent Flow
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The dynamics and response of a structurally nonlinear two-dimensionalairfoil in turbulent � ow are investigated
numerically. The solution is analyzed in terms of probability density function (PDF), response mean square,
power spectral density, and Lyapunov exponent. Both the longitudinal and vertical components of turbulence
are considered. It is shown that turbulent � ow, due to its longitudinal component, diminishes the stability of
the aeroelastic system by advancing the � utter point and decreasing the damping, thus con� rming results from
previous work where only the longitudinal component was modeled. Furthermore, the shift in � utter airspeed is
strongly dependent on the random stiffness terms. It is also observed that turbulence may advance the airspeed
at which the pitch angle marginal PDF changes from uni- to bimodal compared with the nonexcited deterministic
case, whereas the heave transition appears to be postponed. This observation is attributed to the nonlinearity
considered, a cubic stiffness in torsion. Finally, in terms of response mean square, the system appears to be
more sensitive to the presence of the longitudinal excitation component at pre- rather than at postinstability
airspeeds.

Nomenclature
A1; A2; = coef� cients in Wagner’s function
b1; b2 two-lag-terms representation
A3; A4; = coef� cients in Kussner’s function
b3; b4 two-lag-terms representation
ah = nondimensionaldistance between elastic

axis and midchord
b = semichord
Gwn = Gaussian white noise
h; µ = airfoil motion in heave and pitch directions
Icg = airfoil moment of inertia about center of mass
Kh ; Kµ = linear heave and pitch stiffness
K3 = cubic pitch stiffness
k = reduced frequency,!b=Um

k3 = nondimensional cubic pitch stiffness, K3=Kµ

Lnd = nondimensional scale of turbulence, L=b
L.t/; Mea = lift force and aerodynamic moment about

the elastic axis
L8; Mea8 = lift force and aerodynamic moment due to

arbitrary motion and longitudinal turbulence
L9 ; Mea9 = lift force and aerodynamic moment due

to vertical turbulence
m = airfoil mass per unit length
rµ = nondimensional radius of gyration, Iea=mb2

t = time
U = total freestream velocity, Um C uT

Um = mean freestream velocity
Um;nd = nondimensionalmean freestream velocity
Und = nondimensional speed, U=b!µ

Nu; Nw = normalized (by the mean freestream)
freestream and vertical turbulence velocities

uT ; wT = turbulence velocities
uT ;nd; wT ;nd = nondimensional turbulence velocities
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w3=4 = downwash at three-quarter chord
xµ = nondimensionaldistance between elastic

axis and center of mass
z1; z0

1 = nondimensional aerodynamic lag states due
to Wagner’s function

z2; z0
2 = nondimensional aerodynamic lag states due

to Kussner’s function
® = angle of attack
¸max;nd = nondimensional largest Lyapunov exponent,

¸maxb=¾T

¹ = nondimensional airfoil mass, m=½¼b2

½ = density of air
¾ 2

T = turbulence velocity variance
¾ 2

T ;nd = nondimensional turbulence velocity
variance, ¾ 2

T =.b!µ /2

¿ = nondimensional time, Um t=b
8.t/ = Wagner’s function
ÁlT; ÁvT = longitudinaland vertical turbulence power

spectral densities
Áwn = white noise power spectral density
9.t/ = Kussner’s function
! = radial frequency
!h ; !µ = radial frequencies in heave and pitch
¢ = derivative with respect to dimensional time
0 = derivative with respect to nondimensional

time, d=d¿

Introduction

T HE dynamics and response of a structurally nonlinear two-
dimensional airfoil in turbulent � ow are investigated numeri-

cally. Both the longitudinal and vertical components of turbulence
are considered. This work is a continuation of Ref. 1, where only
the longitudinal component of turbulence was considered.

The motivation for this work is both the ubiquitous nature of
turbulencecoupled with the ever increasingpractical importanceof
nonlinearities, as well as the theoretical challenge and intellectual
signi� cance that the combined problem of random excitations and
nonlinearitiesoffers.

The general randomnonlinearproblemhas been studiedfor some
time, for example,by Stratonovich2 in physicsand Ibrahim3 in engi-
neering.Recently,however, therehasbeen a renewal in the approach
taken in light of new developments in chaos and related nonlinear
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dynamics, namely, from a bifurcation analysis point of view. This
aspect has clearly been identi� ed in the physical and mathemati-
cal sciences and is starting to obtain full recognition in engineer-
ing related � elds. At the risk of missing a number of important
contributors, one can think, for example, of the work of Arnold
et al.,4 in mathematics, Horsthemke and Lefever5 or Knobloch
and Weisenfeld6 in physics–chemistry, and Ariaratnam7 in engine-
ering.

With regardsspeci� cally to the aeroelasticproblem,randomexci-
tation usually takes the form of turbulence,or more speci� cally tur-
bulent � ow, which can originate from a number of differentsources.
These sourcesrange in intensityfrom acousticemission,geothermal
(atmospheric) conditionsto thehigh intensityexcitationof separated
� ow in the wake of an object, as well as vortex breakdown leading
to what is known as tail buffet.8

Application to the aeroelastic problem is, thus, evident, but rel-
atively little work on the nonlinear case has been published so far.
In this regard, most of the literature is concernedwith random non-
linear panel � utter. See, for example, the work of Ibrahim et al.9

for the in-plane loading or Abdel-Motagaly et al.10 for the verti-
cal excitation.Another recent work, by Romberg and Popp,11 deals
with the in� uence of turbulenceon a � exible tube. Le MaOõ tre et al.12

have given a more exotic � avor to the problem by investigating the
interaction of atmospheric turbulence and a sail. Also noteworthy
is the work of Lin13 on random wind-excited bridges and Prussing
and Lin14 on rotor blades in atmospheric turbulence and turbulent
wake. However, these last authors limited their analysis to linear
problems.

A secondary issue is the in� uence of the longitudinalcomponent
of the excitation. As exempli� ed by various design standards,15;16

modelingof the longitudinalcomponentof turbulence(atmospheric
in this case) is commonly neglected in aircraft aeroelastic analyses.
This approach can be considered as part of the so-called accepted
engineering practice. However, we are unaware of any formal jus-
ti� cation, theoretical or experimental, to that effect within the pub-
lished literature or of any reference to it in relatively recent papers.
The closest to any type of rationale that has been found supporting
this approximation is offered by Hoblit,17 who makes a very rudi-
mentary comparison of the lift force, with and with out longitudinal
excitation, on a rigid aircraft. Even in the very comprehensive ex-
posé on the dynamic response of aircraft to atmospheric turbulence
by Houbolt et al.,18 the impact of the longitudinal component is
discarded rather freely.

It is presumed that there are two basic reasons for “neglecting”
longitudinalturbulencein aeroelasticanalyses.First, it is a common
belief that for many applicationsthe relative contributionof the lon-
gitudinal excitation is much lower than the vertical (and lateral for
a three-dimensionalmodel) component; hence, it can be treated as
a secondary effect via a correction factor to the vertical excitation.
Second, the mathematical treatment of the aeroelastic problem is
complicated considerably by the introduction of the longitudinal
excitation.The main complicationis that the longitudinalexcitation
transforms the externally forced time-invariant system into a para-
metrically excited, hence, time-varying, problem. In view of the
preceding comments, particular attention will be paid to the in� u-
ence of the longitudinal component of turbulence on the nonlinear
airfoil.

The main objective of this paper is to investigate the effect of tur-
bulent � ow on a two-dimensional � exible airfoil when a structural
nonlinearity is considered. In pursuit of this primary goal, a subob-
jective is an attempt to articulatea more detailedand comprehensive
picture of the relative contributionof the longitudinalcomponentof
turbulence, in the presence of the vertical excitation,as experienced
by an airfoil.

Problem Description
Turbulence Modeling

In this work, turbulence is modeled as a random process. The
stochastic treatment of turbulence usually requires a number of
simpli� cations. Some of the simpli� cations used here are Taylor’s
(and von Kármán’s) hypothesis, or the frozen turbulence assump-

tion; a Gaussian distribution; chordwise (only used for the longi-
tudinal component as discussed later) and vertical uniformity; and
isotropy and statistical stationarity.18;19 These simpli� cations per-
mit the two turbulence components to be expressed as functions
of time only, wT D wT .t/ and uT D uT .t/, and the airspeed is then
given by

U .t/ D Um C uT .t/ (1)

It is common to representan isotropicturbulent� eld by its double
velocitycorrelationmatrix,where,due to isotropy,only the diagonal
termsare nonzero.20 Thesediagonalterms representthe longitudinal
and vertical components of the two-dimensional turbulence. From
these correlation functionspower spectra can be developedbecause
these two entities form Fourier transform pairs. Assuming that the
spectral content of turbulence is providedby the Dryden model, the
one-sidedpower spectral density (PSD) longitudinal representation
in terms of the temporal radian frequency is given as17 19

ÁlT.!/ D ¾ 2
T .2L=¼Um/

©
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¯£

1 C .L!=Um /2
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and the vertical component is
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They are presented in nondimensional form in Fig. 1 for a scale of
turbulence and variance, Lnd D 50:0 and ¾ 2

T ;nd D 1:0, respectively.
In comparison with the turbulence spectrum, note that the � utter
frequency coalescence for the particular example used here occurs
at approximately k D 0:18.

It can be shown that the scale of turbulence L divided by the
mean freestream velocity Um is equal to the correlation time of
the longitudinal random excitation, whereas the correlation time
of the vertical random excitation is half of that ratio, that is,
L=.2Um/. In the context of this paper, a physical interpretation
of the scale of turbulence is the “average” distance traveled by
the airfoil during which the turbulence velocities can be consid-
ered as uniform. Hence, the larger the scale of turbulence, the
farther, in average, the airfoil may travel before experiencing a

Fig. 1 Nondimensional PSD of the Dryden turbulence model for
Lnd = 50:0 and ¾2

T;nd = 1:0; closed-form solution.
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change in turbulence velocities. Thus, it may be assumed that
for large magnitudes of scale of turbulence the velocity over the
airfoil is nearly uniform at any instant in time, hence chordwise
uniformity.

The frequency-domain Dryden turbulence model can be trans-
formed into the time domain in the form of stochastic differen-
tial equations (SDEs), with the vertical and longitudinal turbu-
lence velocities acting as dependant variables and Gaussian white
noise as an external forcing with Áwn D 1. The procedure consists
of developing a transfer function in the Laplace domain that re-
lates Gaussian white noise as input and turbulence velocity as out-
put. The square of the modulus of the transfer function, expressed
in the frequency domain, must match the turbulence PSD given
in Eqs. (2). Taking the inverse Laplace transform of the transfer
functions gives the time-domain representation, as shown in the
following:

PuT .t/ C uT .t/.Um =L/ D ¾T .2Um =¼ LÁwn/
1
2 Gwn.t/

RwT .t/ C PwT .t/.2Um=L/ C wT .t/
¡
U 2

m

¯
L2

¢

D ¾T

¡
U 3

m

¯
¼ L2Áwn

¢ 1
2 Gwn.t/ C ¾T .3Um=¼ LÁwn/

1
2 PGwn.t/ (3)

Equations (3) are then used as inputs to the aeroelastic equations of
motion (8), via the aerodynamic loads, Eqs. (5) and (7).

Airfoil Structural Modeling
The airfoil is modeled as a rigid � at plate, with degrees of free-

dom in pitch and heave; structural � exibility is provided by tor-
sional and translational springs. A cubic representation of the tor-
sional spring is considered; this is the only source of nonlinearity.
Other nonlinearities, such as the geometric terms have been ne-
glected; thus, oscillations are limited to small amplitudes. Struc-
tural damping is also neglected. Damping is provided by the aero-
dynamics as described in the next section. The structural equa-
tions, obtained from Fung,19 are modi� ed to include the nonlin-
earity. The heave is de� ned as positive downward and the pitch
nose up,

m Rh C mxµ b Rµ C Khh D L.t/

£
Icg C mx2

µ b2
¤

Rµ C mxµ bRh C Kµ µ C K3µ
3 D Mea.t/ (4)

The lift force L.t/ and aerodynamic moment Mea.t/ acting on the
right-hand side of Eqs. (4) are described in the next section.

Aerodynamic Modeling
Only attached � ow with small amplitude oscillationsare consid-

ered;hence,the aerodynamicsis linear.The unsteadyaerodynamics,
accounting for memory effects, is modeled, assuming incompress-
ible inviscid � ow, via Duhamel’s integral and the two-state repre-
sentation of Wagner’s function given by Jones (see Ref. 19). This
aerodynamic model is extended to include a random time-varying
airspeed based on the work of van der Wall and Leishman.21 The
airspeed is assumed to be uniformly distributed chordwise. Other
details are provided in Ref. 1. Aerodynamic forces due to random
variations of the freestream velocity, and accounting for arbitrary
pitch and heave motions, are modeled by the following (the pitch
angle and angle of attack are taken to be equal):
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where

w 3
4
.t/ D Ph C U® C b[0:5 ah ] P®

8.t/ D 1 0:165exp. 0:0455Um t=b/ 0:335 exp. 0:3Um t=b/

Aerodynamic forces and moment are also generated by the pres-
ence of vertical turbulence,which in effect changes the local angle
of attack on the airfoil. Because of the � nite time associated with
penetration of a discrete gust around the airfoil, the aerodynamics
exhibit a gradual increase in magnitude. These unsteady effects are
expressed in terms of 9.t/, Kussner’s function. Note that the sim-
pli� cation of chordwise uniformity is neither required nor used for
the vertical turbulence, as demonstrated in the following. The gust-
penetration function 9.t/ represents the growth of circulation as a
sharp-edged gust strikes the leading edge of the airfoil in incom-
pressible � ow. Similarly to Wagner’s function, it can be expressed
by a two-state representation22:

9.t/ D 1 0:5792exp. 0:1393Um t=b/ 0:4208

£ exp. 1:802Um t=b/ (6)

Using Duhamel’s superposition integral, the force and moment
due to vertical turbulence can be derived in the same manner as
that used for the lift and aerodynamic moment due to arbitrary mo-
tion and freestream variations. Differences between the two set of
expressions are the downwash at the three-quarter chord, which is
replacedby the verticalgust (equivalentto the downwashat the lead-
ingedge), and theabsenceofapparentmass terms, that is,no airmass
is displaced by the airfoil motion in this case. In effect, Duhamel’s
superposition integral enables the use of Kussner’s function, origi-
nally derived for a discrete gust, to be employed in the problem of
continuous turbulence. The expressions are

L9 .t/ D 2¼½bU

"
wT 9.0/

Z t

0

wT .s/
d9.t s/

ds
ds

#

Mea9 .t/ D 2¼½b2[ah C 0:5]U

"
wT 9.0/

Z t

0

wT .s/
d9.t s/

ds
ds

#

(7)

The aeroelastic equations of motion are formed by combining
Eqs. (4), (5), and (7) and by introducing the equivalency between
angle of attack and angle of pitch because no angle of incidence
is considered. The integro-differential form of these equations is
transformed into differential form by introducing four additional
states.These four statesoriginatefrom the two lag terms in Wagner’s
function and two lag terms in Kussner’s function. Some details are
provided in Ref. 1. The transformationof the aeroelastic equations
into pure differential form enables a physical interpretation of the
different terms from the point of view of the traditional mechani-
cal system model with inertia, damping, and stiffness forces and an
external forcing; it also facilitates the numerical integration proce-
dure.The nondimensionalaeroelasticequationsof motion are given
in differential form:
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where

Nu D U .t/=Um D Und.¿ /=Um ;nd D 1 C uT ;nd.¿ /=Um ;nd

Nw D wT .t/=Um D wT ;nd.¿ /=Um ;nd

and A1 D 0:165, A2 D 0:335, A3 D 0:5792, A4 D 0:4208, b1 D
0:0455, b2 D 0:3, b3 D 0:1393, and b4 D 1:802.

A few remarks on these random nonlinear differential equations
are in order. First, both the damping and stiffness matrices are
timevarying or parametrically excited. This is due to the longitu-
dinal turbulence excitation, which enters the problem by means of
the aerodynamic loads. Longitudinal turbulenceacts as a linear col-
ored random excitation on the damping terms via velocity Nu. The
excitation on the stiffness terms is both linear and quadratic, via Nu
and Nu2 , respectively.On the other hand, the mass matrix is time in-
variant.The nonlinearstiffnessmatrix is also time invariantbecause
it represents the nonlinear torsional structural spring. Had nonlinear
aerodynamicsbeenmodeled, the randomexcitationwould also have
acted on the nonlinear forces. Furthermore, the vertical component
of turbulence acts as an external forcing.

Speci� cally with regard to the random terms in the damping ma-
trix, it is not expected that they have a signi� cant impact on the
stability of the excited airfoil because, for the deterministic prob-
lem, the physical mechanism of the � utter instability is essentially
dictated by the aeroelastic stiffness and inertia properties. More
precisely, the type of � utter investigated is the classical, or binary,
� utter, which is characterizedby the frequency coalescence of two
aeroelasticmodes.19 It is this coalescencethat enables the transferof
energy from the air� ow to the airfoil required for the � utter instabil-
ity. Accordingly,the stiffness and inertia terms, shown as inertia and
stiffness matrices in Eqs. (8), are mainly responsible for the clas-
sical � utter instability, whereas the damping matrix plays a minor
role. Thus, we anticipate to observe the same relative importanceof
random stiffness terms over random damping terms for random (or
stochastic) � utter.

Numerical Simulation
The eighth-order aeroelastic system [Eqs. (8)] along with the

nondimensionalform of the turbulenceSDEs [Eqs. (3)] are then ex-
pressed in state-space form and solved numerically using a fourth-
order Runge–Kutta algorithm. Based on the Box–Muller algorithm
and with the help of an uniformrandomnumbergenerator,RAN1,23

Gaussianwhitenoise is generatedat each time step of the integration
and fed into the aeroelastic-turbulence system. Different uniform
random numbers are used for the vertical and longitudinal differ-
ential equations. This is justi� ed physically by the hypothesis of
isotropy of the turbulent � eld, which leads to a diagonal double ve-
locity correlationmatrix, hence, uncorrelatedvelocity components.
Furthermore, from a more practical perspective, it was noted that
using the same random numbers for both components lead to a
skewed probability density function (PDF) in heave, which is not
reasonabledue to the symmetry of the problem. Note that a random
number generator proposed in the � rst edition of Ref. 23 appeared
to introducearti� cial peaks in the response frequencyspectrumand,
thus, was not used.

The time step in the integrationis chosen in accordancewith both
the scale of turbulence,or noise correlationtime, and with the aeroe-
lastic modal frequencies. The integration is performed until steady
state is obtained in both the statisticalproperties and the PDF of the
system response.For the cases considered in this paper, the limiting
criterion for the time step is the noise correlation time; hence, the
time step is chosen to be at most 1

25 th of the nondimensional scale
of turbulence. On average, iterations were performed for 50 £ 106

time steps, whereas steady state was obtained after 1 £ 106 steps.
The process is also assumed to be ergodic, thus, providingan equiv-
alency between ensembleand time averages.In this regard,all of the
dynamic information is contained in one sample response. Further
details on the numerical modeling may be found in Ref. 1.

The cases presented are for an airfoil with the following nondi-
mensional airfoil parameters:k3 D 400, !h=!µ D 0:6325, xµ D 0:25,
rµ D 0:5, ¹ D 100, and ah D 0:5. As introduced earlier, the prob-
lem is investigated in the context of one of the most common aeroe-
lastic instability types, namely, classical � utter. For the set of pa-
rameters chosen, the deterministic � utter speed is U f;nd D 4:31. At
lower airspeeds, the equilibriumpoint is stable. For airspeedsabove
the � utter speed, the equilibrium point is unstable. However, due
the presence of the cubic nonlinear hardening torsional spring, the
post� utter dynamics is attracted toward a stable limit-cycle oscil-
lation. Accordingly, for the deterministic problem, the � utter point
corresponds to a supercriticalHopf bifurcation.

Note that most results shown are for a scale of turbulence
Lnd D 50:0 and a turbulence variance ¾ 2

T ;nd D 1:0. When the deter-
ministic � utter speed is used as the referencevelocity, the turbulence
intensity is 23%. Although this is a relativelyhigh level of intensity,
it is chosen to exemplify better and to gain some insight into the
qualitative impact of the presence of turbulence. Lower intensities
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(not shown here) have also been investigated and exhibit similar
behavior. For example, see Ref. 1 for the longitudinal case. Note,
as well, that Romberg and Popp11 have experimentally generated
turbulence intensity levels between 10 and 23%, with a grid, for
their investigationof a � exible tube. To put the turbulence intensity
in perspective,atmospheric turbulence intensity levels would range
from 1 to 5% based on a � utter speed of 500 kn and on rms valuesof
turbulencevelocities given by Houbolt et al.18 Turbulence intensity
levels in the order of 14% could be obtained if velocity � uctuations
due to separated � ow in the wake of object (for example, a rotor
blade according to Fujimori et al.24 ), superimposedon atmospheric
excitation, are considered. On the higher end of the scale, leading-
edge vortex breakdown8;25 can induce turbulence intensity levels in
the order of 30%, perhaps more.

The main measures used to describe the dynamic behaviour are
the pitch and heave response marginal PDFs and the mean square
responses.The PDF is usefulparticularlyfor stochasticbifurcations.
Power spectra, Lyapunov exponents, and time histories (not shown
here) have also been generated to complement the analysis.

PDF Analysis
The � utter problem for a structurally nonlinear airfoil excited by

pure longitudinal turbulence has been investigated previously, and
results are presented in Ref. 1. In brief, and in comparison with the
nonexcited, deterministic system, the main observations and con-
clusionswere an advancementof the � utter airspeed,postponement
of the supercritical Hopf bifurcation leading to a stochastic limit-
cycle oscillation (LCO) characterizedby a transition from a uni- to
a bimodal PDF, and the appearance of a third dynamic region, be-
tween these two airspeeds, characterized by a sharp single-peaked
PDF centered about the equilibrium point. For the turbulence val-
uesgivenearlier, the advanced� utter speedoccurredat Um;nd D 3:65
comparedwith 4.31 for zero turbulenceand was associatedwith the
concept of dynamical (D)-bifurcation. The postponed LCO onset
occurred at Um ;nd D 4:71 and was associatedwith a phenomenolog-
ical (P)-bifurcation.Loosely speaking,a D-bifurcationcorresponds
to a loss of stability as expressed by a change of sign of the largest
Lyapunov exponent and, hence, is associated with a critical slow
down of the dynamics in the same manner as the deterministic dy-
namics is. On the other hand, the P-bifurcationde� nes a qualitative
change in the dynamic behavior as represented by the PDF. For a
detailed and rigorous treatment of the subject, see Refs. 4–7.

When the same system is excited with both longitudinaland ver-
tical components of turbulence, only two regions of different dy-
namic behavior are observed (Fig. 2). They are characterized by a
Gaussian-likePDF at low airspeeds, followed by a transition into a
bimodal probability density for the pitch, but staying unimodal for
the heave even at relatively high airspeeds (Um ;nd ¼ 25), well past
the � utter region. In addition, for the cases investigated, the range

Fig. 2 Bifurcation diagram of the airfoil PDF pitch response for the
combined excitation case; Lnd = 50:0 and ¾2

T;nd = 1:0.

Fig. 3 Bifurcation diagram of the airfoil pitch response for the com-
bined excitation, vertical excitation, and nonexcited cases; Lnd = 50:0
and ¾2

T;nd = 1:0.

of airspeeds within which the transition in pitch PDF occurs is, in
general, lower than either the deterministic or the stochastic � ut-
ter points de� ned in Ref. 1, where only longitudinal excitation was
considered(Fig. 3). If the longitudinalcomponentis not considered,
leavingonly the vertical excitation, the same type of PDFs obtained
with the combined excitationare observed;however, one difference
is that the pitch transition from unimodal to bimodal behavior oc-
curs at higher airspeeds, but still generally lower than the � utter
speeds obtained in Ref. 1 (Fig. 3). Here also, the heave response
stays unimodal.

The variation with airspeed of the magnitude of the pitch angle
at the PDF peaks, which is the stochastic equivalent of the deter-
ministic LCO amplitude, has an interesting behavior. Because of
the advanced transition from a uni- to bimodal probability density
due to the longitudinal excitation, the pitch PDF peaks of the ver-
tically excited system are initially closer to each other than for the
combined excitation case. However, past a certain airspeed no dis-
tinction in the peak location can be made between the two cases. In
other words, the rate at which the peak splitting happens is smaller
for the combined excitationcase. A second observation,also shown
in Fig. 3, indicates that the stochastic LCO pitch amplitude, which
is initially higher than the nonexcited LCO, becomes smaller than
its deterministic counterpart. Eventually, the stochastic LCO pitch
amplitudewill tend to the nonexcitedamplitudebut at a much higher
airspeed.

The observationspresented, based on the pitch and heave proba-
bility densities, lead to the following interpretations.From purely a
physicalpoint of view, it may be tempting to conclude that the pitch
uni- to bimodal transition is in fact a bifurcation of the stochastic
equilibrium point and that the heave has not bifurcated. However,
the identi� cation of a bifurcation must refer to the response of the
aeroelastic system as a whole. In our case, the system is multidi-
mensional, thus, strictly speaking, requires a multidimensional, or
joint, PDF for a complete description. We may also be tempted
to use the argument that because, for a linear system, the instabil-
ity point does not depend on any external forcing, deterministic or
stochastic, the observed advanced transition in pitch due to verti-
cal turbulence is purely an arti� ce of the marginal PDF and is not
a bifurcation. However, for nonlinear systems, the situation is not
that clear. Although we know that for deterministic nonlinear sys-
tems the bifurcation landscape depends on the external forcing, the
picture becomes blurred if the forcing is stochastic. Except for the
single variable system excited by additive Gaussian white noise for
which it has been shown theoretically that the bifurcation is not
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in� uenced by the noise, at least when simple local bifurcation types
such as Hopf or pitchfork are considered,5;26 published literatureon
multidimensionaland/or colorednoise excited systems is contradic-
tory. For example, Knobloch and Weisenfeld6 discuss the case of a
single degree of freedom (DOF), that is, two-dimensional, system
excited by additive Gaussian white noise, which has no effect on
the bifurcationpoint. Lugiato et al.27 and Schimansky-Geieret al.28

show examples of the contrary.
On the other hand, considering the presence of the longitudi-

nal component of turbulence, it is believed that the pitch PDF in-
cremental advanced transition from uni- to bimodal behavior truly
represents a change in bifurcation airspeed. However, the actual
magnitude of the shift in bifurcation airspeed cannot be precisely
determined with the current analysis tools available.

On a more practical note, there is a possiblephysical explanation
for the early uni- to bimodal transition of the pitch response as op-
posed to the heave,which is as follows.The cubicnonlinearityis felt
directly by the pitch DOF, but only indirectly by the heave through
coupling terms. In other words, the Gaussian-like probability den-
sity of the heave responseis preservedfor a longer rangeof airspeed.
Perhaps this behavior is slightly accentuatedby the fact that for this
analysis the elastic axis is located exactly at the aerodynamiccenter,
that is, ah D 0:5; thus, the pitch DOF is not directly excited by the
vertical turbulence, but only indirectly through coupling terms.

Mean Square Analysis
In terms of either the mean square pitch or heave response, the

response intensity for the combined excitation is, not surprisingly,
larger than for the vertical excitation case for all airspeeds investi-
gated. The response curves show some interesting characteristics,
particularlyat the two extremes of the airspeed range. At higher air-
speeds, the mean square of the pitch response for both the vertical
and combinedexcitationcases behave linearlywith airspeedand in-
crease at the same rate (Fig. 4). Consequently,for this high-airspeed
range, the absolute contribution of the longitudinal component on
the total pitch response remains constant, but its relative impact
diminishes as the total response increases.

When analyzing the mean square heave response, it is remark-
able that, similarly to the pitch, the absolute contribution of the
longitudinal component remains constant for increasing airspeed,
but contrary to pitch, the responses do not settle on a linear trend
(Fig. 5). This difference in behavior is attributed also to the loca-
tion of the nonlinearity,which directly affects the pitch responsebut
only indirectly affects the heave. In this regard, note from Figs. 4
and 5 that, contrary to the heave, the pitch bifurcation landscape
for the deterministic nonexcited problem remains close to the sim-
plest expression of the Hopf normal form. This is characterizedby

Fig. 4 Airfoil pitch mean square response for the combined excitation,
vertical excitation, and nonexcited cases; Lnd = 50:0 and ¾2

T;nd = 1:0.

Fig. 5 Airfoil heave mean square response for the combined excitation,
vertical excitation, and nonexcited cases; Lnd = 50:0 and ¾2

T;nd = 1:0.

a linear mean square response–airspeed relationship, for a much
longer airspeed range than the heave response. Indeed, the radial
variable of this normal form6;29 expressed in polar coordinates,
Pr D ar C a3r 3 , is essentially characterized by two terms, a linear
and a cubic term. Consequently, at steady state, that is, Pr D 0, the
radial variable increases linearly with the square root of the control
parameter a.Um ), or similarly its mean square is a linear function
of the control parameter, that is, r 2 D a=a3 , where a is positive
and a function of Um and a3 is negative for the supercritical Hopf
bifurcation. The excited cases follow the same trend.

The other region of interest is the low-speed range. It is at air-
speeds well below the � utter point that the presence of longitudinal
excitation has the most effect. In some ways, this observation is
counterintuitive,when it is considered that, for the pure longitudi-
nal excitation case reported in Ref. 1, the longitudinal excitation
evidently exerted no in� uence at all on the system response below
the stochastic � utter point. It appears that, by itself, longitudinalex-
citation does not have enough energy to excite the system, but may
act as a pumping mechanism to amplify the responseotherwise cre-
ated by the vertical component. This behavior is perhaps tied to a
phenomenon known in physics as parametric ampli� cation,2 and it
requires further investigation.

Moreover, for a high-turbulence intensity, the response for the
combined excitation increases parabolically in this low-airspeed
range as airspeed decreases. The probable cause is the lack of
structural damping that becomes more evident at low speeds. As
the airspeed decreases past Um;nd

»D 2:5 (Fig. 6), the aerodynamic
damping decreases as well and tends to zero; hence, the airfoil be-
comes much more sensitive to perturbations.This is true for both the
vertically and combined excited cases. For the latter, however, one
may interpret the Lyapunov exponent as a mean damping because
the aerodynamic damping terms � uctuate according to a Gaussian
probability density due to the longitudinal excitation. In this sense,
it is conceivable that temporarily (locally in time) the damping be-
comes zero or negative as the ratio Um =¾T goes to zero. In reality,
structural damping would be present, and the response would not
increase at such a rate. This was con� rmed by introducing a small
amountof pitchstructuraldamping.The pitchmean square response
did not exhibita parabolicincrease,but stabilizedon a more realistic
value.

A word of caution is offered here: For a combination of very low
airspeeds and high-turbulence intensities, the aerodynamic model
starts to lose relevance because of possible � ow reversal or separa-
tion, as well as the turbulencemodel, which breaks down due to the
limitations imposed by Taylor’s hypothesis.

The parabolicbehavior,or dip, for the combinedexcitationat low
airspeed is also encountered for the linear system; hence, it cannot
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Fig. 6 Largest Lyapunov exponent for the longitudinal excitation and
nonexcited cases; Lnd = 50:0 and ¾2

T;nd = 1:0.

Fig. 7 Linear airfoil pitch mean square response for the combined and
vertical excitation cases; Lnd = 0:5 and ¾2

T;nd = 1:0.

be attributedto the nonlinearity(Fig. 7). Note that, in addition to the
numerical solution, the frequency-domain solution for the vertical
excitation is shown, the purpose of which is to validate the Runge–

Kutta solution.Still, for the linear system, the rate at which the mean
square response increases just before the � utter point is higher for
the combined excitation than for purely vertical excitation. This is
consistent with the advancement of the � utter point due to longi-
tudinal atmospheric turbulence. However, for the nonlinear system
in the middle-airspeed range, as the speed is increased through the
� utter region no differences in response trends are noted between
the combined and vertical excitation cases.

Frequency Content Analysis
The frequency content of the turbulent excited nonlinear airfoil

response is � rst examined in comparison to the linear response. A
comparison of the pitch response PSDs (normalized with their re-
spectivemean square) is shown in Fig. 8 at a pre� utter airspeed.The
interplay between the airfoil nonlinearityand turbulence reveals in-
teresting behavior. First, we observe the appearanceof a broadband
peaknot present for the linearproblem. It is attributed to an effective
stiffness,which is a direct consequenceof the torsional stiffness cu-
bic nonlinearity. It is also conjectured that the location of this peak
is directly related to the mean square of the response,and moreover,

Fig. 8 PSD (normalized by their respective mean square response) of
the nonlinear and linear airfoil pitch response for the combined excita-
tion case; Lnd = 50:0, ¾2

T;nd = 0:1, and Um;nd = 3:8.

the relation is proportional.In other words, the greater the response
is, the larger the effective stiffness, leading to a higher-frequency
band. This point will be made more evidentwhen the combinedand
vertical excitation cases are compared.

In addition, for the nonlinear airfoil, there is a sharper dominant
peak and a lower intensity superharmonic at three times its fre-
quency.For airspeedsabove the � utter point, these two peaks de� ne
the frequency content of the stochastic LCO and are recovered in
the nonexcited,deterministic, problem. For airspeeds below � utter,
which is the case shown in Fig. 8, the dominant peak correspondsto
the slow linearnormal mode, mode 1. It is, however, remarkablethat
the dominant peak is shifted toward smaller frequencies due to the
presence of the nonlinearity. For the case shown in Fig. 8, the fre-
quency of the � rst linear mode is k1 D 0:19 (note that an eigenvalue
analysis gives k1 D 0:187), whereas the frequency of the nonlinear
mode is k D 0:17. Not shown here, lowering the turbulence excita-
tion level decreases the shift of the nonlinear mode.

The second normal mode, mode 2, involved in the � utter fre-
quency coalescence is not observed in the nonlinear response for
the case shown in Fig. 8. We have found that it is only at very low
turbulencelevels,where nonlineareffectsare not important,that this
mode starts to appear in the PSD. Finally, no fundamental changes
are noticed in the spectra as the airspeed is increased through the
� utter point. The lack of distinctionof a stochasticHopf bifurcation
in the power spectrum has been observed by Fronzoni et al.30

In reference to the second objective of this work, concerning
the speci� c effect of the longitudinal turbulence component, the
power spectra for both the combined and vertical excitation cases
are essentially the same (Fig. 9). The only difference is a shift of
the broadbandpeak, associatedwith the effective stiffness, toward a
lower frequency for the pure vertical excitation.However, this shift
is only evident at lower airspeeds, where there is a large difference
in mean square response between the two excitation cases. Note
that the presence of the longitudinal component does not appear to
change the frequency of the dominant peak.

For the linear problem under combinedexcitation,some test runs
were alsoconductedto investigatea possibleadvancementof the fre-
quency coalescencein the vicinityof the � utter point. However, due
to the very low damping of the slow mode in this region (hence, ex-
tremesensitivityto theperturbations) and the frequencycoalescence
itself, which does not permit a clear distinction between modes, it
was not possible to deduce any coherent interpretationfrom the fre-
quency spectrum.Related to the frequency coalescence is the ques-
tionconcernedwith thenatureof the shift being stiffnessor damping
related.To investigatethis issue, the randomexcitationquasi steady
and apparent mass terms, that is, due to longitudinal turbulence, in
the aerodynamic stiffness matrix, and subsequently in the damping



POIREL AND PRICE 1967

Fig. 9 PSD of the airfoil pitch response for the combined and vertical
excitation cases; Lnd = 0:5, ¾2

T;nd = 1:0, and Um;nd = 1:0.

matrix, were arti� cially neutralized. It was found that the random
damping terms had minimal in� uence,whereas the randomstiffness
terms essentially dictated the advancement of the � utter point. For
example, disabling the random stiffness terms decreased the shift in
� utter point from Um ;nd D 3:65 to 4.27 (compared with 4.31 for the
deterministic case), whereas removal of the random damping had
essentially no in� uence. The same observation has been noted by
Ibrahim and Heo,31 but for the response problem.

Lyapunov Exponent Analysis
The Lyapunov exponents express the stability characteristics of

a reference trajectory and, more speci� cally, its sensitivity to small
perturbations in initial conditions. They are a generalization of the
real part of the eigenvalues,de� ned for a � xed point, to any arbitrary
solution. Given a d-dimensional continuous ergodic system, there
exist d nonrandom exponents, some of which could coincide.4;29

Similarly to the eigenvalue problem, it is the value of the largest
exponent, given as ¸max , which determines the stability of the tra-
jectory, such that a negative ¸max implies a convergenceof initially
close trajectories whereas a positive ¸max de� nes diverging trajec-
tories. Another characteristic of the Lyapunov exponents is the in-
variance of their respective magnitude for (almost) any reference
trajectory within a given attractor.

No assumption has been made so far on the determinism, or in-
versely randomness, of the dynamic system. In fact, the concept
of Lyapunov exponents has been de� ned within the framework of
random dynamic systems, where the deterministic problem is con-
sidered as a particular case of the more general random problem.
Examining the d-dimensional linear dynamic system, Px D A.t/x ,
where A is a randomlytime-varyingd £ d matrix, it has been shown
analyticallythat a qualitativechange in stability,hence, bifurcation,
of the random � xed point occurs when the largest Lyapunov expo-
nent changes sign.4 This change of sign of ¸max is also associated
with the probabilisticconcept of sample stability,also known as sta-
bility with probability 1 or almost sure stability. Loosely speaking,
sample stability ensures that every sample realizationof the system
is stable.

Another interpretationof the largest Lyapunovexponent refers to
its magnitude, which de� nes the timescale with which two initially
close trajectoriesconvergeor divergewith respect to each other.Rel-
atively speaking, a large, but negative, largest Lyapunov exponent
is associated with the fast convergence of a strongly stable attrac-
tor. As the magnitude of ¸max decreases toward zero with a change
of control parameter, critical slow down is experienced up to the
bifurcation point where ¸max vanishes.

A means to obtain the largest Lyapunov exponent is by means of
the so-called tangent space method.32 Although this approach has
beenappliedto calculatetheLyapunovexponentsfromtime series, it
is particularlywell suited for the case where the equationsof motion

are available. There are essentially two avenues. One is to linearize
the system directly by calculating the Jacobian about the reference,
random trajectory xr .t/, hence the requirement to simultaneously
integrate numerically the linearized and nonlinear sets of equation.
The largest Lyapunov exponent, in nondimensional form, is then
obtained with

¸max;nd D lim
¿ ! 1

1

¿

³
k Qx.¿ /k
k Qx0k

´
(9)

where Qx is the solution of

Qx 0 D @ f .x; ¿ /

@ x

­­
xr .¿/

Qx D
£
A.¿ / C 3A3x2

¤­­
xr .¿ /

Qx (10)

and f .x; ¿ ) is given by

fx 0g D [A.¿/]fxg C [A3]fx3g C fB.¿ /g D f f .x; ¿ /g (11)

For our problem, fxg D fµ; »; µ 0; » 0; z1; z0
1; z2; z0

2gT , [A] containsthe
longitudinalexcitation,and fBg representstheverticalcomponentof
the turbulent excitation. [A3] is the cubic structural stiffness matrix.
Equation (11) is the state-space form of Eq. (8).

The second avenue consists of twice solving the same system of
nonlinear equations, with different but close initial conditions, but
with the same noise realization.According to Osedelec (see Ref. 4),
both approaches should give the same value for ¸max because it
converges to a � nite deterministicvalue and is invariant for a given
attractor.

In this paper we compute the largest Lyapunov exponentwith the
linearized,variationalequations.The secondavenue,which involves
calculating the Euclidian norm between two neighbor trajectories,
excited with the same sample noise, was also performed to obtain
some insurance on the validity of the numerical integration. The
results shown have also been checked for convergence toward a
� nite deterministic value as ¿ ! 1, as well as invariance from
initial conditions and sample noise realization.

Results presented in Fig. 6 are for the longitudinal excitation
(Lnd D 50:0 and ¾ 2

T ;nd D 1:0) and nonexcited nonlinear cases. Also
plotted for comparison purposes are the real part of the eigenvalues
of the nonexcitedlinearizedsystem obtained from a standardeigen-
value subroutine. The exponents and eigenvalues shown have been
renormalized to a new nondimensional time, N¿ D ¾T t=b, vs Um t=b,
to get rid of the arti� cial direct dependence on airspeed.

The following points are noted. The exponents and eigenvalue
tend to zero as the airspeed goes to zero. This is a direct conse-
quence of neglecting structural damping. The damping is solely
provided by the aerodynamics. Furthermore, the advanced � utter
airspeed, due to longitudinal turbulence, at Um;nd D 3:65 indicated
by the discontinuity in ¸max;nd con� rms the D-bifurcation shown in
the PDF diagram of Ref. 1. For the P-bifurcation, which occurs at
Um;nd D 4:71, no such discontinuity in the largest Lyapunov expo-
nent is noticed.

If we consider the interpretationthat the magnitudeof the largest
Lyapunov exponent is an expression of the degree of stability of
trajectories, we may say that longitudinal excitation decreases the
stability of the system, strictly speaking the � xed point, on two ac-
counts.Not onlydoes it advancethe � utterpoint,it alsodecreasesthe
dampingor the strengthof the attraction;forexample,atUm ;nd D 3:0,
¸max;nd for the longitudinalexcitation is smaller than without noise,
thus indicating a longer time to reach steady state. On the � ip side,
the loss of damping associatedwith the approachof the � utter speed
is more gradualand less explosivewith longitudinalturbulencethan
without. Although the linearized longitudinally excited system is
not shown, note that it exhibits the same ¸max;nd as the nonlinear
longitudinallyexcited airfoil, up to the � utter speed.

Conclusions
In light of the two stated objectives for this paper, and based on

the PDF, mean square, frequency, and Lyapunovexponent analysis,
the following conclusions are offered.

1) The additional type of dynamic behavior observed for the lon-
gitudinal excitation,1 which separated the stochastic � utter point
and LCO onset, does not appear when the vertical component of
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turbulence is also considered. Hence, in the combined excitation
problem, only two different dynamic regions are observed, char-
acterized by uni- and bimodal PDFs. This is reminiscent of the
nonexciteddeterministiccase, in the sense that the equilibriumpoint
bifurcates directly into a periodic attractor, without � rst transition-
ing through an additional attractor whose nature is purely due to
the interplay of the nonlinearity and parametric random excitation.
Thus, we are tempted to extend the concept of bifurcation robust-
ness and structural stability applied to deterministic systems29 and
to propose that, because both longitudinal and vertical random ex-
citations are present in reality, the bifurcationscenario observed for
pure longitudinal excitation is qualitativelynot robust.

2) The advancement of the � utter point observed for pure lon-
gitudinal excitation1 is also present when the vertical component
is added. This is shown to be the case for both the linearized and
nonlinear problems, although for the latter case, the � utter point
coincides with the supercritical Hopf bifurcation in the form of a
P-bifurcation.

3) The presence of longitudinalexcitation decreases the stability
of the system, strictly speaking the � xed point, in pre� utter condi-
tions on two accounts.Not only does it advance the � utter point, but
it also diminishes the damping for airspeed below � utter as shown
by the Lyapunov exponents.

4) The frequency spectra do not seem to indicate an in� uence of
longitudinal turbulenceon the system modal frequencies, hence an
eventual shift in the frequency coalescence associated with � utter.
However, a parametric analysis demonstrates that the advancement
of the � utter point is determined essentially by the random aerody-
namic stiffness,not by the damping terms. The nature of the shift of
the � utter point is, thus, stiffness related, typical of the deterministic
classical � utter problem.

5) The interplay between the airfoil nonlinearity and turbulent
excitation has the following effects on the response PSD. In com-
parisonwith the linear problem, the dominant peak in the nonlinear
response, which is associated with the lightly damped linear mode,
is shifted toward smaller frequencies. In addition, a lower intensity
peak appears at three times the frequency of the dominant peak,
as well as a broadband peak, which we have interpreted as being
related to an effective stiffness.

6) From a more phenomenological perspective, it is observed
that turbulence may advance the airspeed at which the pitch angle
marginal PDF changes from a uni- to bimodal when compared with
the nonexcited deterministic case, whereas the heave transition ap-
pears to be postponed. This observation is attributed to the location
of the nonlinearity,which is positionedat the elastic axis and acting
on the torsional spring.

7) Finally, the impact of the longitudinal excitation on the oth-
erwise vertically excited mean square pitch and heave responses is
generally more important at low rather than high airspeeds. At low
speeds, the randomly varying aerodynamic damping exhibits tem-
porary zero or negative values, such that the airfoil becomes very
sensitive to perturbations, namely, vertical turbulence. At higher
speed, the difference in the nonlinear mean square responses be-
tween pure vertical excitation and the combined excitation tends to
settle on a constant value, for both pitch and heave.
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